ON COMPOSITE AND NON-MONOTONIC GROWTH 
FUNCTIONS OF MEALY AUTOMATA 



ILLYA I. REZNYKOV 

Abstract. We introduce the notion of composite growth function and pro- 
vide examples that illustrate the primary properties of these growth functions. 
There are provided examples of Mealy automata that have composite non- 
monotonic growth functions of the polynomial growth order. There are de- 
scribed examples of Mealy automata that have composite monotonic growth 
functions of intermediate and exponential growth. The questions concerning 
the interrelation between the notions "composite" and "non-monotonic" of a 
Mealy automaton growth function are formulated. 



1. Introduction 

The notion of growth was introduced in the middle of last century |l(JU14j and 
was applied to various geometrical, topological and algebraic objects pillS) . Mainly, 
growth functions of studied objects are non-decreasing monotonic functions of a 
natural argument For example, the growth function of a semigroup (group) 
at the point n, n > 0, equals a number of different semigroup elements of length 
n. Obviously, the growth function of an arbitrary semigroup is a non-decreasing 
monotonic function. 

Growth of Mealy automata have been studied since the 80th of 20th century 
and it is close interrelated with growth of automatic transformation semi- 
groups (groups), defined by them However, the growth functions of the Mealy 
automaton and the corresponding semigroup have different properties; for example, 
they may have different growth orders |12|. In the paper we consider special type 
of growth functions of Mealy automata — composite growth functions. 

Composite function is a function such that it can be described by different ex- 
pressions on infinite non-overlapped intervals. There exist Mealy automata that 
have composite growth functions of various growth orders. Moreover, some of these 
automata have non-monotonic growth functions. There were not known Mealy au- 
tomata such that they have non-monotonic growth functions (see survey [2], and 
[SI, HH, etc.). 

Preliminaries of the theory of Mealy automata are listed in Section |5] The 
notion of composite function is introduced in Section |3| In Section 0] we provide 
several examples of Mealy automata, that have non-monotonic growth functions 
of the polynomial growth order. In addition, the Mealy automata with composite 
growth functions such that one of its finite differences consists of doubled values, 
are provided in Section [S] The theorems concerning the main properties of these 
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automata are formulated, and we list these theorems without proofs. They can 
be proved by using the technique, similar to the technique of JT| (see also [T^j ). 
We are planning to publish the proofs of these theorems in subsequent papers. 
For convenience, the propositions, where the normal form of semigroup elements 
are formulated, are provided for the most complex of the considered automata. 
Moreover, the questions concerning the composite growth functions are appeared, 
and some of them are mentioned in Sectional 

I would like to thank Igor F. Reznykov and Alexandr N. Movchan, who helped 
to find the automata, that are considered in the paper. 

2. Preliminaries 

The basic notions of the theory of Mealy automata and the theory of semigroups 
can be found in many books, for example [HHSIIHI- We use definitions from |12j . 

2.1. Mealy automata. Let's denote the set of all finite words over Xm, including 
the empty word e, by the symbol X^, and denote the set of all infinite (to right) 
words by the symbol X^. We write a function : X,n Xm as 

( (/)(a;o) <t>{xx) . . . (pixm-i) ) ■ 

Moreover, we have in mind N = {0, 1,2,.. .}. 

Let A = (Xm, Qn, TT, A) be a non-initial Mealy automaton [H] with the finite set 
of states Qn = {go, 91, ■ ■ • ,9n-i}, input and output alphabets are the same and 
equal X„i, tt : Xm x Qn Qn and A : Xm x Qn Xm are its transition and 
output functions, respectively. The function A can be extended in a natural way 
to the mapping A : X^ x Qn Xm or to the mapping A : X^ x Qn ^ Xfn- The 
transformation /q : X^ — ^ X^ (/q : Xm X^'^J, defined by the equality 

/q(M) ^ A(w,q), 

where u £ Xm (u G X^J, is called [H] the automatic transformation, defined by A 
at the state q. The automaton A defines the set 

— {fqoj fqiJ ■ • ■ , /<?„-! } 

of automatic transformations over X^. Each automatic transformation defined by 
the automaton A can be written in the unrolled form: 

fqi {^fn{xo,qi)i f'n{x\,qi)T • ■ • 1 f-n^Xm-i^qi)) '^qn 

where i = 0, l,...,n — 1, and cTg- is the transformation over the alphabet Xm 
defined by the output function A: 

(Tg, = ( A(a:o,(7i) X{xi,qi) ... \{xm-i,qi) ) ■ 

Let us define the set of all n-state Mealy automata over the m-symbol alphabet 
by the symbol Anxm- The product of Mealy automata is introduced [3] over the 
set of automata with the same input and output alphabet Xm as their sequential 
applying. Therefore for the transformations fq-^.Ai and /q2,A2, G Qm, q2 G Qn2, 
the unrolled form of the product /(qi,q2),Ai xyi2 is defined by the equality: 

/(qi,q2),AixA2 = /qi,Ai/q2,A2 = (SO , 5l .9m- 1 ) CTqi ,Ai ,A2 , 

where = f-Ki(a^.^_A.^(xi),m),Aif-K2(x„q2).A2, « = 0, 1, . . . , to - 1, and aU transforma- 
tions are applied from right to left. 
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The power is defined for any automaton A and any positive integer n. Let 
us denote A^"-* the minimal Mealy automaton, equivalent to A". It follows from 
definition of a product, that | < 

Definition 2.1. 6 The function ja of a natural argument, defined by 

lAin) = |(3a(")| , e 

is called the growth function of the Mealy automaton A. 

2.2. Semigroups. 

Definition 2.2. Let A — (Xm,Qn,7r, A) be a Mealy automaton. The semigroup 

is called the semigroup of automatic transformations, defined by A. 

Let S" be a semigroup with the finite set of generators G = {sq, Si, . . . , Sk-i}- 
The elements of the free semigroup G"*" are called semigroup words [H]. In the 
sequel, we identify them with corresponding elements of S. Let's denote the length 
of a semigroup element s by the symbol -^(s). 

Definition 2.3. The fimction 7s of a natural argument such that 

js{n)^\{seS I e{s) <n }\,neN, 
is called the growth function of S relative to the system G of generators. 
Definition 2.4. The function 75. of a natural argument such that 

Isi^) = |{ '5 G I s = SiiSi2 ■ ■ ■ Si^, Si^ e G, 1 < j < n }| , n e N, 
is called the spherical growth function of S relative to the system G of generators. 
Definition 2.5. The fimction Ss of a natural argument such that 

6sin) = \{ seS I £{s) =n } | , n e N, 
is called the word growth function of S relative to the system G of generators. 
From the definitions 12.31 12.41 and 12.51 the following inequalities hold for n G N: 

n 

Ss{n) < 75(n) < 7s(n) = ^ Ss{i). 

i=0 

Similarly, from definition 12.21 it follows 6 that 

lA{n) = 7Sa("). neN. 

2.3. Growth functions. The growth of some object is defined by functions of a 
natural argument. One of the most used characteristic of these functions is the 
notion of growth order. 

Definition 2.6. Let 7^ : N — * N, i = 1, 2, are arbitrary functions. The function 71 
has no greater growth order (notation 71 ^72) than the function 72, if there exist 
numbers Ci,C2,No £ N such that 

71 (n) < Ci72(C2n) 

for any n > Nq- 
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Definition 2.7. The growth functions 71 and 72 are equivalent or have the same 
growth order (notation 71 ~ 72), if the inequalities 71 ^ 72 and 72 ^ 71 hold. 

The equivalence class of the function 7 is called the growth order and is denoted 
by the symbol [7] . The growth order [7] is called 

(1) polynomial, if [7] = [n"^] for some d > 0; 

(2) intermediate, if [n^] < [7] < [e"] for all d>0; 

(3) exponential, if [7] = [e"]. 

It is often convenient to encode the growth function of a semigroup in a gener- 
ating series: 

Definition 2.8. Let 5 be a semigroup generated by a finite set G. The growth 
series of S is the formal power series 

Ts{X) = J2'ys{n)Xr 

n>0 

The power scries As{X) = ^ (5s(n)X" can also be introduced; we then have 

n>0 

As{X) = (1 — X)Ts{X). The series A5 is called the word growth series of the 
semigroup S. 

The growth series of a Mealy automaton is introduced similarly: 

Definition 2.9. Let A be an arbitrary Mealy automaton. The growth series of A 
is the formal power series 

rA{X) = J2lA{n)X\ 

n>0 

3. Composite growth functions 

Let us introduce the concept of composite growth function in the following way. 
Let 7 : N ^ N be an arbitrary function, and let fc > 1 be a positive integer. Let us 
define the functions 7^ : N ^ N, i = 0, 1, . . . , A: — 1, by the equalities: 

7i(n) = 7(fc ■ n + i),n E N. 

We say that the function 7 is composite, if there exists integer k > 2 such that at 
least two functions from the set 

{7o,7i,---,7fe-i} 
can be defined by different expressions. 

Let us fix the notions. Let A be the arbitrary Mealy automaton. Let us denote 
the semigroup of automatic transformations, defined by ^, by the symbol Sa, and 
the growth functions of A and Sa by the symbols ja and 75^ , respectively. If ja 
is a composite function for some integer k, then let us denote its "parts" by the 
symbols 7a, i, i = 0,1, . ■ ■ ,k — 1. Let 7 be an arbitrary function, and let us denote 
the i-th finite difference of 7 by the symbols 7^'^ i > 1, i.e. 

7(i)(n) =7(n) -7(n- 1), 

7W(n) = 7(*-i)(n) - ^^'-^\n - 1), 

where i > 2, n > i + 1. 

Let us consider the example of Mealy automaton with the composite growth 
function. Let Ai be the 3-state Mealy automaton over the 2-symbol alphabet 
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X-^ , X-^ X-^ , X-^ 



Figure 1 . The automaton 

whose Moore diagram is shown on Figure ^ Its automatic transformations have 
the following unrolled forms: 

/o = (/o,/i) (a;i,a;i) , /i = (/q, /2) (xi, xi) , /i = (/i, /i) (xq, xq) . 

The following theorem holds: 

Theorem 3.1. (1) The semigroup Sai has the following presentation: 

/1/2 = /0/2, fifi = /1/0/2, i — 0,1; 
fih =JlhMi = /l/j = /2/0', J = 0, 1, 2; \ 
/o ^ /o' /0/2 = /o' /0/2/0 = /0/1/0/2; / 
/1/0/2/0 = /1/0/2, /2/0 = /2/0 



'S'As = ( /o,/i 



(2) T7ie growth function is a composite Junction for k = 2, and is defined 
by the following equalities: 

7Ai,o(n) - 23 • 2"-2 _ 1, lA,.i{n) = 32 • 2"-^ _ 1, 

where n>2, 7^,(1) = 3, 7^,(2) = 8, 7Ai(3) = 14. 

It follows from Theorem 13.11 that the growth function has the exponential 
growth order and can be written as 

, ^ I 23 • — 1, if n is even; 
I 32 • 2 2 — 1, if n IS odd; 

where n > 4. The normal form of elements of Sai is declared in the following 
proposition: 

Proposition 3.2. An arbitrary elements of Sai has the following normal form 

s = s' • [f.f^r ihfor {M2r ihfor ■ ■ ■ ifof2r'-' [fif^r" ■ s", 

where s' G {l,/o,/2}, s" G {l, /o, /i, /l/o^ /o/2^ /0/2/1/0/2}; and k > 1, 
Pi,P2k > 0, p., > 0, i = 2,3,...,2fc-l, ^(s) > 1. 

4. NON-MONOTONIC GROWTH FUNCTIONS 

The conception of a composite function allows to construct non-monotonic func- 
tions easily. For example, let A: = 2 and 7 be a function such that 71 (n) = 1 and 
l2{n) = 2. Obviously, 7 is non-monotonic. Below we consider the 2-state Mealy 
automata over the 4-symbol alphabet, that have non-monotonic growth functions 
of constant, linear and square growth. There are exist automata that have non- 
monotonic growth functions of other polynomial growth orders, but their consider- 
ation requires more technical details. 
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Xq,Xq 



Xi,Xi 
X2,Xq 
X^,Xq 



Xi,X2 
X2,Xq 
X^,Xi 



Figure 2. The automaton A2 



4.1. The automaton A2 of constant growth. Let A2 be the Mealy automaton, 
defined by Moore diagram on Figure [5] Its automatic transformations have the 
foUowing unroUed forms: 

/o = (/o,/o,/o,/o) (a;i,a;i,xo,a;o) , /i = (/o, /i, /i, /i) (xq, X2, xq, xi) . 

The automaton A2 has non-monotonic growth function of the constant growth 
order, and the graph of '^a2 is shown on Figure 01 The following theorem holds: 



Theorem 4.1 



(1) The semigroup has the following presentation: 



fo, fi 



fo ft — foil /i — /o J * — 0, 1; /i /o — /o/i/o : 



/1/0./1/0 — fi — fifo, (/i/o)'^ — (/i/o)^ 

(2) The growth function composite function for k — 2, and is defined 

by the foUowing equalities: 

7A2,o("-) = 8, jA2,i{n)=9, 

where n>2, 74,(1) = 2, 7^,(2) = 4, 74,(3) = 7. 



4.2. The 

whose Mo 
the follow] 

The autoE 
of 7^3 is s 



maton A3, 
tions have 

the graph 




1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 



Figure 3. The growth fmiction of A2 
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Xi,X2 
X2,X2 
2^3 J ^2 



Xi,Xq 
X2,X2 
X^,X2 



Theorem 4.2. 

= 



Figure 4. The automaton A3 

(1) The semigroup Sa^ has the following presentation: 

fofi — /i/o — fo^ i — 0' 1; /o/i/o — /o, 
/o/i/o = /o, /i/o/i = /i/o/i 



/o,/: 



(2) T/ie growth function is a composite function for k — 2, and is defined 
by the following equalities: 



where n>l and 7^3(1) 



7^3, = 5n + 1, 



4.3. The automaton A4 of square growth. Let A4 be the automaton such that 
its Moore diagram is shown on Figure El Its automatic transformations have the 
foUowing unroUed forms: 

/o = (/o-/o,/o,/o) (a;o,a;o,a;i,a;i) , /i = (/o, /i, /i, /i) (2:2, X3, xq, . 

The automaton has non-monotonic growth function of square growth, and 
the graph Q ited in the 

foUowing 1 



Theorem 

lO'. 

(1) 



las the fol- 




1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 



Figure 5. The growth function of A-^ 
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Xq,X2 



Xi,Xq 
X2,Xi 
X^,Xi 



Xi,X^ 
X2,Xq 
X^,Xi 



Figure 6. The automaton Aa 



(2) The growth function ja^ is a composite non-monotonic function, that is 
defined by the following equalities: 

7 3 

lA4,o{n) = An^ - 5n + 6, 71 > 2, "tAi,i{n) = -n^ + -ti + 2, n > 

and (2) = 4. The function ja^ ho,s the square growth order. 

From the defining relations ^ the proposition follows 

Proposition 4.4. An arbitrary element s of Sa^ admits a unique minimal-length 
representation as a word of one of the following forms 



where pi > 1, P2 > 0, s' G {l, /i, /oj /o }; except the combination pi = 1, p2 = 0, 
s' 1, or 

/r (/o/ir-s', 



where pi 



In this 1 
differences 
Mealy aut^ 
and the e? 



jf its finite 
771 > 3} of 
Dermediate 




1 2 3 4 5 6 7 8 9 10 1 1 12 13 14 15 1 S 17 18 19 20 21 22 23 24 25 26 27 28 29 30 



Figure 7. The growth fmiction of A4 
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^m— 1 7 '^m— 1 



X2,X2 



Xq,Xi 




Xi,X2 

1 -^m— 1 
^m— 1 5 •^m—l 



Figure 8. The automaton i?„ 



5.1. The automata {Bm, m > 3} of polynomial growth. Let Bm, m > 3, 

be the 2-state Mealy automaton over the m-symbol alphabet (Figure IHJ, and the 
unrolled forms of the automatic transformations /q = fqo.B,„ and /i = fqi,B^ are 
defined in the following way: 



/o — ifo, fo, fi, fa, 
fi = ifo, fl,fl,.fl, 



, /o,/o) (a::i,xo,a;2,a;3, 



; ^m — 1; ^m — 1) 



-2, X,n~l) , 



Theorem 5.1. (1) For any to > 3 </ie semigroup Sm have the following pre- 
sentation: 



— { fo, /: 
Sb4 = { fo, f 



5b.„ = 



fo, fi 



fi — fofi, ./i/o/i — /o ./i ) , 

ft = fifofl fifS'fifofi = fifS'^'fi,Pi > ) 

m— 4 711 — 4: 

n {fifiift= n ifift)fifofi , 

m — 3 m— 3 \ 

n {fift)fifofi^ n {fifi')fVi, 1 

, TO — 3 



K>0,z = l,2,. 

All semigroups Sb^ for to > 4 are infinitely presented. 
(2) for TO > 3 the growth function ^b„^ is defined by the following equalities: 



(2) 7B„W=E 



i=0 



E 

i=0 



n - 2i - 1 

TO — 2 
m-2 



E 

i=0 



E 

i>0 



n - 2i - 1 
TO - 2 



for all n > 1. 



Here [r] denotes the integer part of the real number r, and we assume that 
71 \ 

^ 1 = if fc > n or n < 0. 

The following proposition holds in the semigroup SB„^ ■ 

Proposition 5.2. The normal form of the elements ofSB,„ is one of the following 
words 

fPl f fP2 f fPk-l f fPk 

Jo JiJo Ji ■ ■ ■ Jo JiJo 
where 1 < k < m — 1, pi > 0, i — 1,2, k, i{s) > 1, and 

fPl f fP2 f rPm-2 P f'iPm-l f fPm 

fo /i/o 71 • ■ ■ /o /i/o /i/o 
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Xi,Xi 



X(j,Xi 



Xi,Xq 

Figure 9. The automaton 



where pi > 0, i — 1,2, ... ,m. 

The corohary fohows from Theorem 15. II 
Corollary 5.3. (1) For all m > 3 the function jBm have the growth order 

(2) The (to — 2)-th finite differences of defined by the following equality 

(m-2)/ N fn-m+l 
Tb^ i*^) = 2 

where n > m — 1. 
It follows from ^ that for any to > 4 the equalities hold 



n-2i-2 
TO — 3 



= 7s„_l(?^ - 1), 



i=0 ^ ' i>0 

where n > 2. The growth function is defined by the equalities 

I \ _ { jn^ + 71 + 1, if n is even; 

7B3W-| |„2^„^3^ if n is odd. 

Hence, joining two last equalities, one has 



7b1 = 7b3 (" - (to - 3)) 



(1)/ 



n — (to, — 3) 





n — TO, + 1 


+ 1 = 




2 



for any to > 3, n > to — 1. Therefore (m — 2)-th finite difference of 75^ consists 
of doubled values, i.e. for any even integer n, n > 0, the equality holds 



Tb. 



hn — 2)/ \ (m — 2)/ ,\ 

g '(n + m)='jg '(n + m — l). 



5.2. The automaton A5 of intermediate growth. Let be the 3-state Mealy 
automaton over the 2-symbol alphabet such that its Moore diagram is shown on 
Figure |51 The following theorem holds: 
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Theorem 5.4. (1) The semigroup S'aj is a infinitely presented monoid, and 
has the following presentation: 

1 



(3) Sas = ( e,/o,/i 



/o/i ^ • /f^ fa Y\ (fi Vo 



i—k 



/r"Von(/rvo),fc>o,p=o,i. 



i—k 



(2) The growth series TAr, (X) of and the growth series ^Sa^ i-^) Sa^ 
coincide and are defined by the equality 



TsaAX)^TaAX) = 



1 



X 



(1 -x)2 V 1 - X V 1-x 



1 



1 



x^ 



1-X'i 



1 



X'- 



1-X» 



{! + ...) 



The properties of the growth function 7^1^ are formulated in the following corol- 
lary: 

Corollary 5.5. (1) The growth function ^a^ has the intermediate growth order 

log' 



(2) Let us define 7^^,^(0) = 7^^^^(1) = 7^^,,^ (2) = 1. The second finite difference 



of ^A^ is defined by the following equality 



(4) 



(2) 



7a 



The system of defining relations ((SJ implies the following normal form: 

Proposition 5.6. Each semigroup elements of Sa^ can be written in the following 
normal form 

fPa f f2''-^pi + (2''-^-l) r „2'pfc_i+(2'-l) ^ fipk-2 + 'i f r2pk-l + l f fPk 

h Jo/i Jo ■ ■ • /i JO ■ ■ ■ h /o/i Jo/i 

where k > 0, pi > 0, i — 0,1, k. 

The growth series for the second finite difference A^^^Tai,{X) can be easily con- 
structed by using the expression for TA^iX): 

A^^^TaAX) = J2 IaMX- + 7i^^(0) + if^{l)X + if^{2)X^ = 

n>3 

- (1 - X fVAM) - (1 - ^)7A5(0) - X(7A.(1) - 7A.(0))- 

- X\-iA, (2) - 27^, (1) + 7^, (0)) + l + X + X^ = 



1 



X 



l-X 



1 



x^ 



l-X^ 



1 



X' 



1 



X'- 



l-X' 



{! + ...) 



l-X^ 

The right-hand series of the last equality are the formal series for the numbers of 

(2) 

partitions of n, n > 1, into "sequential" powers of 2, that is 7^; equals the 
cardinality of the set 



Po,Pi, • ■ • ,Pfc 



fc > 0, ^n,p,>l,i^Q,l,...,k 

i=0 



12 



I. REZNYKOV 



Figure 10. The automaton Aq 

The equality Q is well-known for these partition numbers ^J. Therefore, the 
second finite difference of ja^ consists of doubled values, i.e. for any even integer 
n, rt > 2, the equality holds 

(2)/ ^ (2)/ 1^ 

5.3. The automaton of exponential growth. Let A^ be the 3-state Mealy 
automaton over the 2-symbol alphabet such that its automatic transformations 
have the following unrolled forms: 

/o = (/o,/o) (a;i,a;o) , /i = (/i, /2) (a;o, 2^1) , f-z ^ {fi, f2) {xo,xo) . 
The Moore diagram of A^ is shown on Figure [TUl The following theorem holds: 
Theorem 5.7. (1) The semigroup Sab has the following presentation: 
q ^ I f f f /o=li /2/1 = /1/2 = /I = /2 

\ Jl — /li /2/0/1/0/2 — Jl/o/l/0/2 

(2) The growth series Tab (X) of Aq admits the description 



(1 -x)2 V 

(3) The growth series Ts^ {X) of Sab is defined in the following way 



Let us define the Fibonacci numbers by the symbols where $„ — <i>„_i + 
^n-2^ n > 2, and $0 = $1 = 1. It follows from Theorem 15.71 that the growth 
function jab can be written in close form, and the following corollary holds: 



Corollary 5.8. The growth function is defined by the following equalities: 

'J'[it]+6 *^[-]+4 ~ 2n — 18, if n is even; 
*[ii]+6 + 2<&[2i]+4 - 2n - 18, if n is odd. 

The growth function ^Ab has the exponential growth order. 



(5) 7^6 (") 



Let n be any positive integer, and represent n = 2k, when n is even, and n = 
2fc-|-l, when n is odd. It follows from that for any fc > the following equalities 
hold 

7i'] (2fc + 1) = <Dfe+4 - 2, 7« {2k + 2) = 2<^k+3 - 2, 

and, using the previous equalities, we have 

7g (2/c + 1) = $,+1 , j^^} {2k + 2) = $,+1 . 
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Hence, the second finite difference consists of doubled values, and for all even 
integer n the equality holds 

6. Final remarks 

There are some questions, that concern the composite non-monotonic growth 
functions of Mealy automata. 

(1) Does there exist the Mealy automaton such that its composite growth func- 
tion includes "parts" of different growth orders? 

(2) Does there exist the Mealy automaton which have the non-monotonic growth 
function of the intermediate or the exponential growth order? 

(3) Does there exist the Mealy automaton such that its growth function is 
non-monotonic, but isn't a composite function (in the sense of Section|31)? 
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